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Figure 1: Computational design of magnetic force feedback in digital fabrication. (a) The user specifies the target 3D model
(consisting of a movable part and a fixed part) and the desired haptic force feedback. (b) Our method computationally solves
an inverse problem to obtain an optimal arrangement of magnets that renders the desired force feedback. (c) The user can
easily fabricate the model and embed magnets into the holes. (d) The user obtains the desired haptic force feedback during
interacting with the fabricated object.

ABSTRACT
We present a computational approach to haptic design embedded in
everyday tangible interaction with digital fabrication. To generate
haptic feedback, the use of permanent magnets as the mechanism
potentially contributes to simpleness and robustness; however, it is
difficult to manually design how magnets should be embedded in
the objects. Our approach enables the inverse design of magnetic
force feedback; that is, we computationally solve an inverse prob-
lem to obtain an optimal arrangement of permanent magnets that
renders the user-specified haptic sensation. To solve the inverse
problem in a practical manner, we also present techniques on mag-
netic simulation and optimization. We demonstrate applications to
explore the design possibility of augmenting digital fabrication for
everyday use.

CCS CONCEPTS
• Human-centered computing → Human computer interac-
tion (HCI).
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1 INTRODUCTION
Haptic design is essential for humans to understand the functional-
ity of tools. In tangible interaction, producing appropriate haptics
can enhance usability and a sense of immersion. Actuators can
contribute to haptic design with interactivity; however, the scope is
limited considering the implementation constraint. Aiming design
for everyday use, we focus on a physical mechanism for haptic
design. Some of the mechanical components are designed as a hap-
tic device, but its design is generally normalized in industry and
not flexible. The magnetic force can be a mechanism for rendering
haptics and has a significant advantage with digital fabrication
since it is simple, compact, contactless, and non-abrasion. Hence,
our motivation is to achieve haptic design using magnetic forces
embedded in tangible interaction.

However, designing haptics using magnetic forces is highly chal-
lenging. Magnetic force is non-intuitive for the kinesthetic sense
of the human body. For example, the attraction force between two
magnets changes unexpectedly in close distance. Besides, for our
purpose, a magnetic force can be perceived when the user moves
the movable component of an everyday object with embedded mag-
nets; in this case, the magnetic force is hugely affected by not only
the trajectory of the moving magnet but also the orientations of
other magnets embedded in the fixed component. With some other
difficulties, the user will face problems when deciding the spatial
relationship of all magnets because the manual design of magnets’
position and orientation in three-dimensional models is a highly
complicated task.

In this paper, we propose a computational approach to magnetic
force feedback design. As shown in Figure 1, the user effortlessly
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builds a mechanical component for tangible interaction by spec-
ifying the desired curve of the force feedback by drawing. Even
with the support of the forward simulation [18], it was difficult
for the user to design by manual. To achieve our goal, we formu-
late this inverse design problem from the perspective of numerical
optimization and propose an optimization method with several
non-trivial techniques. We demonstrate the effectiveness of this
approach by creating various objects with desired haptics using
digital fabrication.

2 RELATEDWORKS
2.1 Haptic Design by Magnetic Force
Magnetic force has not been widely discussed as a potential source
of haptic feedback. To the best of our knowledge, Hayward [9]
firstly reported the relationship between haptics and magnetic
force, with mentioning similarity to lateral force fields reported
in [26]. As the capability of magnetic force, haptic design with a
magnetic force is a popular method in human-computer interaction
(HCI). Designing tactile feedback using a rubber magnet with a
magnetization pattern is done by [35, 36]. Mechamagnets [39] per-
formed design exploration of a haptic mechanism with permanent
magnets. Magneto-haptics [18] also explored forward simulation
for designing magnetic force with permanent magnets. However,
a relationship between magnetic force and haptics has not been
discussed in previous works. In this paper, we formally discuss this
relationship to solve the inverse design to achieve the automatic
design of the magnetic force.

Active haptic devices, such as actuator and vibrator, had been
used for haptics with computation from an early stage [14]. We
here mention some examples using the active haptic device with
a magnetic force. MaglevHaptics [10] performed a haptic device
designed with magnetic levitation. FingerFlux [34] is a technical
approach to generate haptic sensation via magnetic flux from an
array of the electromagnet. FluxPaper [19] tried vibration via mag-
netized paper using array of electromagnets. Omni [13] is a haptic
feedback system in which sensing and actuation are enabled by
detecting the 3D position of a magnet embedded in a passive tool.

2.2 Simulation in Electromagnetism
There are mainly two approaches to simulate electromagnetism; an-
alytical and numerical. For solving the magnetic force between two
magnets, some analytical calculations were proposed in the early
stage. As a numerical solution, the finite element method (FEM) is
the most famous for solving many problems in physics. However,
the computation cost of FEM in three-dimensional space is very
high. An approximate analytical approach to calculate magnetic
forces between two magnets was developed using Taylor expan-
sion [37]. This approach was also utilized in the computer graphics
community [30]. Magneto-Haptics [18] also utilized this approach
for forward simulation of magnetic force to estimate haptic feed-
back for designing tangible interaction. We follow them and use
this approximate approach. Note that some advanced magnetic
simulation methods tailored for specialized scenarios [11, 16] have
been proposed recently, but these features are not necessary for our
target scenarios. Also note that the concepts from magnetostatics
used in this paper are explained in details in [5].
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Figure 2: Input from the user. It consists of (a) the desired
curve of haptic sensation, (b) the geometry and maximum
number of magnets, and (c) the containers and trajectory.

2.3 Computational Inverse Design
Computational design methods aim at finding optimal design pa-
rameters that maximize desired properties by computationally solv-
ing optimization problems. Researchers have taken this approach in
various domains [3, 12, 20, 25, 32]; for example, the target property
could be the balancing capability of 3D printed objects [3, 25] or the
user performance in graphical user interface [20]. Inverse design
is considered as a variant of computational design, where the user
directly specifies the property that the final outcome should have,
and the optimization solver tries to reproduce the property. This
approach is useful for fabrication scenarios, and researchers have
investigated inverse design methods that reproduce user-specified
mechanical properties [27, 38], deformations [4, 29], colors [2, 6],
and shapes [8, 15] of fabricated objects. Our work investigates an
inverse design approach to reproduce the user-specified haptics
using embedded permanent magnets.

Several researchers have investigated the inverse design of hap-
tics in different scenarios. Fujinawa et al. [7] proposed a method
of designing hand-held objects that provide illusional haptic shape
perception. Piovarci et al. [24] proposed a method of optimizing 3D
printing materials to design perceptual elasticity in touch interac-
tion. Researchers have also investigated methods of achieving the
inverse design of tactile textural feedback for fingertips [31] and
styli for drawing [22, 23]. Our work is the first to investigate the
inverse design of magnetic force feedback, which enables end-users
to design new interactions with everyday objects, and we propose
several techniques to achieve this concept.

3 INTERACTION OVERVIEW
We propose a computational approach to design magnetic force
feedback in three-dimensional models for digital fabrication. A
spatial arrangement of magnets that fulfills the desired magnetic
force feedback can be automatically explored and optimized in
software. The user specifies the desired curve of force feedback by
drawing and then obtains a functional three-dimensional model
with spaces hollowed out for permanentmagnets. The software only
requires some instruction about the movable component, without
asking any knowledge of magnetism.

3.1 Input and Output
The user needs to specify the followings as input (see Figure 2).

• The desired curve of haptic sensation (annotated as H (t)).
• The geometry of containers.
• The trajectory that one of the containers moves with.
• The geometry of magnet for each container.
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Table 1: Geometry of the magnets used in the applica-
tions. Sizes represent Width-Depth-Height for cubes, and
Diameter-Height for cylinders (inmillimeters). All magnets
are magnetized in the height direction.

Container 1 Container 2

Type Size Type Size

Slider (1) Cube 4 × 3 × 6 Cylinder 3 × 6
Slider (2) Cube 5 × 5 × 2 Cube 5 × 5 × 2
Slider (3) Cube 4 × 4 × 4 Cylinder 3 × 3
Dial (1) Cylinder 4 × 4 Cylinder 4 × 4
Dial (2) Cylinder 4 × 3 Cylinder 3 × 4
Case (1) Cube 3 × 24 × 2 Cylinder 3 × 6

• The maximum number of magnets.

The software then outputs an optimal arrangement of magnets, i.e.,
how we should embed magnets into the containers. In this work,
the number of containers is assumed to be two for simplicity. As for
the magnet material, the Neodymium magnet (N35 grade, which is
very popular in the market) is used by default. The user can change
the magnetic material by setting the value of residual magnetism.

3.2 Example Applications
Figure 3 outlines example applications of physical interface com-
ponents that demonstrate haptic design by magnetic force. Three
types of components are demonstrated: slider, dial, and case. The
user prepared the 3D models, and the system automatically hol-
lowed holes for embeddingmagnets after fabrication by 3D printing.
The used magnets are summarized in Table 1. These geometries
were empirically chosen for each applications after several trials
with considering the solution quality.

Slider. This component has a small movable block that moves
on the linear trajectory. Inputting different kinds of target curves,
we obtained three unique arrangements. Slider (1) only uses three
magnets to achieve a single cycle of a sawtooth wave. Slider (2)
performs a non-trivial arrangement to achieve linear force feedback
only using three magnets; besides the magnetic force between two
magnets is known as non-linear to the distance. Slider (3) shows that
the system managed sharp spots by arranging magnets effectively.

Dial. This component has a movable disk-shape part that moves
on a rotational trajectory. The rotation angle is limited to 180 de-
grees on the system. For Dial (1), we tried to find the optimal ar-
rangements which achieve bump and hole illusion. Dial (2) performs
a small spot to give a stable position of haptic sensation.

Case. This component has single rid moves on a rotational trajec-
tory with two holes. Usually, the magnetic force implemented for
those case design is too abrupt for the user when closing. We tried
to create linear force feedback to ease the magnetic force when
closing the rid. In order to reduce the number of magnets, the flat
and long magnet for container 1 was selected. The rotation angle
is limited to 45° on the system.

3.3 Difficulty of Problem
The need for inverse design comes from the difficulties in manual
design. There are mainly two reasons. (1) Small changes in the
orientation of any magnet drastically affect the magnetic force.
This is because the magnetic force in the magnetic field is position-
dependent, and the superposed magnetic field leaked from multiple
magnets is highly complicated. (2) The space of parameters to
explore is highly broad and indirect. The magnetic force applied to
the movable magnet is varying on the trajectory, which requires
careful consideration of how multiple magnets affect the time-
varying magnetic force in combination.

4 TECHNICAL OVERVIEW
We formulate the haptics design problem as an inverse optimization
problem. That is, given a desired haptic potential field (described
as haptic sensation in Section 3) specified by the user, we want
to find an optimal arrangement of magnets that reproduces the
desired haptic potential field as closely as possible. The magnetic
simulation is iteratively performed in our optimization process.
Figure 4 shows the overview of the process.

Notations. We denote by H ∈ H a haptic potential field (which
can be represented as a curve), whereH is the set of all the possible
haptic potential fields. We especially denote by H target ∈ H the
target haptic potential field that is specified by the user. We denote
by x ∈ X an arrangement of magnets, where X is the set of all the
possible magnet arrangements. Note that the number of magnets
is not a constant in our problem setting (i.e., it can be an arbitrary
number that is more than or equal to two), and thus we use x as a
trans-dimensional variable; for example, x may implicitly represent
a spatial arrangement of two magnets, or that of five magnets. We
write H (x) ∈ H for the simulated haptic potential field that the
magnet arrangement x generates. Finally, we denote by x∗ ∈ X the
optimal magnet arrangement that we want to obtain by solving the
optimization problem.

Mathematical Formulation. This inverse design problem can be
mathematically described as an optimization problem:

x∗ = arg min
x∈X

d(H (x),H target)

subject to
{

all magnets are inside the container
all magnets are collision-free , (1)

where d : H × H → R≥01 is a distance function that quantifies
how much the two haptic potential fields differ (formally defined
in Section 7.2). For example, d(H1,H2) returns zero when H1 and
H2 are exactly the same, and it returns a positive value when H1
is different from H2. The solution x∗ is the magnet arrangement
that minimizes the distance between the simulated haptic potential
field and the target haptic potential field, while it satisfies the two
constraints, “all magnets are inside the container” and “all magnets
are collision-free.”

Technical Challenges. This optimization problem is highly chal-
lenging to solve; it is considered as a constrained non-linear global
optimization, and the number of its dimensions is not fixed since
1Here R≥0 denotes the set of real numbers that are greater than or equal to zero. We
will use similar notations in the reminder of the paper.
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Figure 3: 3D models and result of optimization with actual output fabricated by 3D printer and embeded permanent magnets.
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Figure 4: Overview of the inverse design process. The input to the optimization solver consists of the target haptic poten-
tial field H target and the maximum number of magnets nmax. The optimization solver then performs iterative search, which
involves the magnetic simulator in its loop. Finally, the optimization solver outputs the optimal magnet arrangement x∗.

we do not know beforehand howmany magnets should be used. We
will detail the technical challenges in Section 7.1. These challeng-
ings prevent us from directly applying off-the-shelf optimization
libraries; they do not accept this problem type, or at best, they will
fail to find plausible solutions in practical amount of time. This
motivates us to develop techniques to make this problem tractable.

Technical Contributions. In addition to the primary contribution,
i.e., the proposition and demonstration of the computational ap-
proach to magnetic force feedback design, we also offer the follow-
ing technical contributions to achieve this approach. In Section 5,
we formalize the definition of the haptic potential field and also
describe how it can be interpreted from the viewpoint of physics.
In Section 6, we describe new techniques to efficiently simulate
magnetic forces to calculate the haptic potential field H (x). In Sec-
tion 7, we describe how the above optimization problem can be
approximately solved by making non-trivial modifications to this
problem.

5 DEFINITION OF HAPTIC POTENTIAL FIELD
This section defines and discusses the haptic potential field, de-
noted as H . The concept itself was firstly introduced by Ogata [18];
however, the original paper lacks formal discussions in physics, and
it only provides how the concept is implemented and how visually
intuitive it is. For example, although it has “potential” in its name,
the paper does not discuss how it relates to the concept of potential
in physics. We describe the concept more formally and generally
from the viewpoint of physics so that haptics researchers who work
on magnetism or want to extend the concept beyond magnetism
can refer to this section in the future.

As an intuition, we describe the haptic potential field (which
will be defined in Equation 8) in relation to the work that the
finger does while manipulating the movable container along with
the predetermined trajectory (as we will see in Equations 9 and
14). The finger perceives this work as force feedback during the
manipulation.
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5.1 Assumptions
First, we assume that all motions occur in the quasi-static man-
ner. That is, any time derivatives (e.g., velocity and acceleration)
in the environment are considered sufficiently small and thus ig-
norable. This assumption also implies that the magnetic field in
the environment is always considered steady, and thus we can
use magnetostatics. We also assume that the movable container is
sufficiently small, and it is considered a point mass (with a mass
m ∈ R>0). Finally, we assume that the movable container can only
move along the specified trajectory C because of the design of
containers.

5.2 Trajectory
We parametrize the three-dimensional trajectory C by a parameter
t ∈ [a,b], where a represents the starting endpoint and b represents
the ending endpoint. Without loss of generality, we assume a = 0
and b = 1. Let r be the function that maps t and the corresponding
three-dimensional position on the trajectoryC . For example, r(0) ∈
R3 and r(1) ∈ R3 are the positions of the starting and ending
endpoints of the trajectoryC , respectively. Note that the parameter
t does not have a physical interpretation, but we call it “time” just
for convenience when no confusion can arise.

5.3 Forces
Let Ftotal(t) ∈ R3 be the total force that the movable container
receives at the time t during the motion along the trajectory C .
Similarly, let Ffinger(t), Fmagnet(t), Fgravity(t), and Fcontainer(t) be
the force applied by the finger, the force applied by the magnetic
field, the force applied by the gravity, and that force applied by the
other (fixed) container, respectively. Then, the relation,

Ftotal(t) = Ffinger(t) + Fmagnet(t) + Fgravity(t) + Fcontainer(t), (2)

holds at any time t . By applying Newton’s second law to the mov-
able container, we have Ftotal(t) = ma(t), where a(t) ∈ R3 is the
acceleration of the movable container at the time t . By the quasi-
static assumption, we have a(t) = 0 at any time t . Therefore,

Ffinger(t) = −Fmagnet(t) − Fgravity(t) − Fcontainer(t) (3)

holds at any time t .

5.4 Work Done by Finger
We now consider the work done by the application of the force to
the movable container by the finger. We denote byWfinger(t) ∈ R
the work done until reaching the position r(t) from the starting
position r(0). By the definition of work, it is written as

Wfinger(t) =
∫ t

0
Ffinger(t ′) · r′(t ′)dt ′, (4)

where r′(t) = ∂
∂t r(t), and the centered dot represents the inner

product between vectors.

5.5 Potential of Magnetic Force
The magnetic force, Fmagnet, needs a special care. Suppose an ideal
case of a uniformly magnetized magnet; it can be treated as a simple
magnetic moment. However, as actual magnets have various shapes

and magnetic fields created by other magnets are not uniform, mag-
nets cannot be treated as magnetic moments to simulate Fmagnet
in a feasible way. Thus, we need to utilize numerical analysis to
calculate magnetic fields and the magnetic force.

Nevertheless, the force Fmagnet can be considered a conservative
force since it is fully specified by the spatial position of the mov-
able container by the magnetostatics assumption. Thus, though no
simple closed form is available, we can still define a potential field
Umagnet(t) such that Fmagnet(t) = −∇Umagnet(t).

5.6 Haptic Potential Field
Considering Equation 3 and Equation 4, the workWfinger(t) can be
virtually decomposed into the component by conservative forces
(i.e., −Fmagnet(t) − Fgravity(t)), denoted byW con.

finger(t), and the com-
ponent by non-conservative forces (i.e., −Fcontainer(t)), denoted by
W non-con.

finger (t). That is,

Wfinger(t) =W con.
finger(t) +W non-con.

finger (t). (5)

LetWmagnet(t) be the work done by the application of the magnetic
force Fmagnet(t) to the movable container. Similarly, letWgravity(t)
be the work done by the application of the gravitational force
Fgravity(t) to the movable container. Using these notations, we have

W con.
finger(t) = −Wmagnet(t) −Wgravity(t). (6)

Since they are the work done by conservative forces, it can be
written using their potentials as

W con.
finger(t) = ∆0→tUmagnet + ∆0→tUgravity, (7)

where ∆a→bU = U (b) −U (a). Now, we define the haptic potential
field2 H : [0, 1] → R as

H (t) = Umagnet(t) +Ugravity(t). (8)

Since both components are potential fields, H is also a potential
field. Using this definition, Equation 7 is written as

W con.
finger(t) = ∆0→tH = H (t) − H (0), (9)

where H (0) is an arbitrary constant offset. Thus, the landscape (i.e.,
the curve) of the haptic potential field can be interpreted as the plot
of the work done by the finger against conservative forces (with an
offset).

It is noteworthy that the haptic potential field does not involve
any path-dependent line integrals in its definition; the landscape
of H is thus independent of the parameterization of the trajectory
C . This is why we call it a field. In other words, it is beneficial for
the definition to be independent of the force applied by the fixed
container, Fcontainer, since it is a non-conservative force (unlike
the gravity force) and thus prohibits us from modeling the haptic
sensation from the viewpoint of the potential field. Also, the force
may depend on many factors such as the choice of materials, which
requires additional assumptions to define the interaction scenario.

2By abuse of notation, we here use H as the function of t (representing the value at a
point in the field). As described in Section 4, we also continue to use H as the function
of x (representing the entire field) when no confusion can arise.
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5.7 Discussion: The Effect of Gravity
If the trajectoryC involves only horizontal motions, thenUgravity(t)
is constant at any time t , and thus ∆Ugravity = 0 holds. In such cases,
we can just ignore the effect of gravity in terms of the haptic po-
tential field. Even when the trajectory C involves some up-down
motions, we can consider ∆Ugravity = 0 if the gravitational force
Fgravity = mg, where g ∈ R3 is the gravitational acceleration, is
sufficiently smaller than the magnetic force Fmagnet. In the fol-
lowing sections of this paper, we assume that we can ignore the
gravitational effect for simplicity.

5.8 Discussion: The Effect of Friction
The force applied by the fixed container, Fcontainer(t), can be de-
composed into the frictional component Ffriction(t), which aligns
with the moving direction, and the normal component Fnormal(t),
which is orthogonal to the frictional component. That is,

Fcontainer(t) = Ffriction(t) + Fnormal(t). (10)

Using this notation, the non-conservative component of the work,
W non-con.

finger , can be written as

W non-con.
finger (t) =

∫ t

0
(−Fcontainer(t ′)) · r′(t ′)dt ′ (11)

= −
∫ t

0

{
Ffriction(t ′) · r′(t ′)

+ Fnormal(t ′) · r′(t ′)
}
dt ′ (12)

= −
∫ t

0
Ffriction(t ′) · r′(t ′)dt ′, (13)

since Fnormal(t ′) · r′(t ′) is zero at any time t ′.
If the frictional force Ffriction is sufficiently small (e.g., by choos-

ing smooth materials for fabrication), we can considerW non-con.
finger =

0. Thus, we have

Wfinger(t) = ∆0→tH = H (t) − H (0). (14)

This relationship provides an additional interpretation on the haptic
potential field; the landscape (i.e., the curve) of the haptic potential
field can be interpreted as the plot of the work done by the finger
(with an offset) in an frictionless environment.

6 MAGNETIC SIMULATION TECHNIQUES
We describe both the numerical analysis method to calculate the
magnetic force F applied to the magnet moved by the finger, and the
formulation to calculate the haptic potential field H (t). We utilize
the Taylor expansion approach, which approximately calculates the
magnetic force between two magnets. This approach was originally
proposed in [37] and used for simulation in computer graphics [30].

In the Taylor expansion approach, the mesh resolution con-
tributes to the precision. While reducing the number of meshing
blocks contributes to the efficiency of calculation cost, a naïve way
would sacrifice the precision. Thus, we also describe some tech-
niques to improve the calculation cost while maintaining precision.

6.1 Magnetic Force by Taylor Expansion
Basic formula ofmagnetic force applied to amagnetic pole is written
as F = ∇(m · B). Here, B means magnetic flux density, which is

Figure 5: Magnetic force simulation with dipoles. The force
F that the magnet MA receives from the magnet MB (Left)
is considered as the summation of forces between dipoles
(Right).

strength of magnetic field though certain surface depending on
material. In our purpose, B is determined as leaked magnetic flux
from other magnets. To approximate the magnetic force calculation,
we apply Taylor expansion to small sections of the magnet, treating
as small magnetic moments (magnetic dipoles) as illustrated in
Figure 5. Let F be the force that the magnetMA receives from the
magnetMB , and nA and nB be the number of grid mesh cells (i.e.,
dipoles) ofMA andMB , respectively. Then, the force is calculated
as

F =
nA∑
k=1

Fk =
nA∑
k=1

nB∑
i=1

Fi,k , (15)

where Fk is the force that the k-th dipole of the magnetMA receives
from the entire magnetMB , and Fi,k is the force that the k-th dipole
of the magnetMA receives from the i-th dipole of the magnetMB .
Figure 5 illustrates this concept. The force Fi,k is calculated as

Fi,k =
µ0
4π

· 1
∥rk − ri ∥4

[
−15ni,k (mk · ni,k )(mi · ni,k )

+ 3n(mk ·mi ) + 3
(
mk (mi · ni,k ) +mi (mk · ni,k )

) ]
(16)

where ni,k = (rk − ri )/∥rk − ri ∥, r is a position of magnetic dipole,
and µ0 is the magnetic constant.

As the magnetic force is superpositional, the magnetic force from
multiple magnets can be solved by summarizing each F with each
magnet. Still, there is a problem of determining eligible nA and nB ,
which is a split number of the magnet into dipoles. These numbers
significantly affect the computation cost. We describe a technique
to adaptively determine the split number in the next subsection.

6.2 Haptic Potential Field
As discussed in Section 5.6, we assume ∆H = ∆U with ignoring
gravitational force. Therefore, the haptic potential field H (t) is
treated as equal to the potential field of magnetic force U (t). The
potential fieldU (t) can be obtained from the formula of ∆U :

∆U = −
∫ t

0
F(r(t ′)) · r′(t ′)dt ′. (17)

Note that, to extract the component of the magnetic force applied
to the direction along the trajectory, the magnetic force must be
“normalized” with the direction vector r′(t) by inner product, as
indicated by this equation. By assuming that the trajectory is dis-
cretized into some sections, we calculate F(r(t)), r′(t), and their
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Figure 6: Adaptive meshing. From left to right, the upper
magnet comes closer to the bottom magnet. The resolution
of the meshes adaptively changes based on the distance, by
which the computational cost of the magnetic force simula-
tion can be reduced while the accuracy remains sufficient.

inner product at each section of t . Then, the potential field U (t)
can be calculated as a cumulative product3 of normalized magnetic
forces and divided lengths of these sections.

6.3 Adaptive Meshing
When calculating the magnetic force, a pair of closer dipoles affects
more than distant ones. To increase the precision of the simulation,
it is desirable to execute meshing the closer pair of dipoles finely.
However, fine meshing causes high computation costs. Adaptive
meshing, i.e., selecting blocks to separate into finer blocks, will
help the problem of computation costs. Following the previous
work [37], we decided on the condition to apply adaptive meshing.
Condition is determined by ρ ≥ 1/7, where ρ = d/r , r is distance
between two dipoles, and d is length of dipole. Figure 6 shows time
series of adaptive meshing up to depth 4, which is the maximum
depth level in our implementation. The number of depth may affect
the precision of the magnetic force.

6.4 Interpolation
To reduce computation cost, we also operate interpolation on the
magnetic force. We multiplied section four times from the original
curve of magnetic force. For example, if the original section of t is
20, it becomes 80, meaning that the computation cost becomes four
times smaller. Due to its characteristics, the shape of the magnetic
force is always smooth. Therefore, applying the spline interpolation
is reasonable, and it does not causemuch deviation from the original
curve of the magnetic force.

7 OPTIMIZATION TECHNIQUES
7.1 Overview
We want to solve the optimization problem, formulated as Equa-
tion 1, in a practical manner. Even with the efficient magnetic force
simulation described in Section 6, this problem is still very chal-
lenging to solve. This is because the problem has the following
properties.

• Trans-dimensional: the number of magnets (and thus the
optimization dimensionality) is not fixed beforehand and
needs to be determined by the solver.

• Constrained: the optimization variables need to not only
minimize the objective but also satisfy the constraints.

3https://numpy.org/doc/stable/reference/generated/numpy.cumprod.html

Algorithm 1: The outer-loop part of the inverse design.
Input: The target haptic potential field, H target, and the

maximum number of magnets, nmax

Output: An optimal magnet arrangement (i.e., x∗)
1 Perform pre-processing to H target;
2 Insert the first magnet (i.e.,M1) to the movable container;
3 for i = 2, 3, . . . ,nmax do
4 Search for a good initial location and orientation to add

a new magnet to the fixed container;
5 Insert a new magnet (i.e.,Mi ) to the found initial

location and orientation;
6 Perform the inner-loop procedure (Algorithm 2) to

adjust the arrangement of the magnets {M1, . . . ,Mi };
7 if Termination condition is met then break;
8 end
9 return The arrangement of the magnets {M1, . . . ,Mi };

• High-dimensional: the number of optimization variables is
large.

• Global: there can be many local minima, most of which are
not useful.

• Non-linear: both the objective and constraints are not simple
linear functions.

• Non-differentiable: the derivatives of the objective and con-
straint functions are not available.

To our knowledge, no off-the-shelf solvers can handle this problem.
We propose the following three approximation techniques to

solve the problem practically.
Approximation 1: Incrementally insert magnets one by one

and stop this procedure when a termination condition is met,
rather than simultaneously optimizing the arrangement of
magnets and the number of magnets. This approximation
resolves the issue of the optimization problem being trans-
dimensional.

Approximation 2: Sequentially solve a small (low-dimensional)
optimization problem for each magnet, rather than simul-
taneously solving a large (high-dimensional) optimization
problem for all magnets. This approximation resolves the
issue of the optimization problem being high-dimensional.

Approximation 3: Apply the penalty method [17] to reformu-
late the constrained optimization problem into a series of
unconstrained optimization problems. This approximation
allows the use of unconstrained optimization algorithms.

Taking these three techniques into consideration, we describe the
overall optimization procedure as an “outer”-loop part, shown in
Algorithm 1, and an “inner”-loop part, shown in Algorithm 2. The
outer-loop part involves Approximation 1, and it iteratively calls
the inner-loop part (line 6) in its loop. The inner-loop part involves
Approximations 2 and 3, and it iteratively solves a much easier
optimization problem (line 4), which is still non-linear and non-
differentiable but can be handled by off-the-shelf solvers if we
choose them appropriately.

In addition to these approximation techniques, we also propose
a technique to estimate a reasonable initial solution when inserting

https://numpy.org/doc/stable/reference/generated/numpy.cumprod.html
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Algorithm 2: The inner-loop part of the inverse design.
Input: The target haptic potential field, H target, and the

initial arrangement of the i magnets, {M1, . . . ,Mi }
Output: An optimal magnet arrangement of the i magnets

1 for j = 1, 2, . . . ,npenalty do
2 Solve the optimization problem to adjust the

arrangement of the magnetMi ;
3 for k = 1, 2, . . . , i do
4 Solve the optimization problem to adjust the

arrangement of the magnetMk ;
5 end
6 Increase the penalty coefficient σ ;
7 end
8 return The arrangement of the magnets {M1, . . . ,Mi };

a new magnet (line 4), which helps find a good local optimum
without sticking to undesirable local optima. This initial solution
estimation allows the use of efficient local optimization algorithms
instead of prohibitively heavy global optimization algorithms (such
as Bayesian optimization [28]).

In the following subsections, we first describe more detailed for-
mulations of the objective (Section 7.2) and constraints (Section 7.3)
in Equation 1. We then describe details of the techniques and steps
in Algorithms 1 and 2.

7.2 Objective Formulation: Distance Metric for
Haptic Potential Fields

The objective of the optimization problem, Equation 1, is defined
as the distance between the simulated haptic potential field and
the user-specified haptic potential field. As the definition of the
distance function d , we use the line integral of their distance at
each position. That is, given two haptic potential fields, H1 and H2,
defined along the trajectory C , the distance is calculated by

d(H1,H2) =
∫
C
∥H1(t) − H2(t)∥ ds =

∫ 1

0
∥H1(t) − H2(t)∥ dt

≈ 1
N + 1

N∑
i=0

H1

(
i

N

)
− H2

(
i

N

) , (18)

where N is the number of samples to approximately calculate the
line integral (N = 20 in our implementation).

7.3 Constraint Formulation: Validity of Magnet
Arrangements

As we described in Section 4, we consider two constraints that
should be satisfied:

• all magnets are inside of the containers, and
• all magnets are collision-free.

We introduce constraint functions, ccontainer : X → R and ccollision :
X → R, to mathematically model these two constraints. We design
these functions such that they return negative values when the
magnet arrangement satisfies the constraints, and they return posi-
tive values when the magnet arrangement violates the constraints.

Using these functions, Equation 1 can be rewritten as

x∗ = arg min
x∈X

d(H (x),H target)

subject to
{
ccontainer(x) ≤ 0
ccollision(x) ≤ 0 . (19)

More specifically, when the magnet arrangement is collision-free
(i.e., satisfying the constraint), ccollision returns a negative value that
represents the shortest distance among the magnets in the scene.
When there are collisions (i.e., violating the constraint), ccollision
returns a positive value that represents the largest penetration
depth among the collided magnets in the scene. We design ccontainer
similarly. Our implementation uses FCL [21] to calculate these
function values.

7.4 Pre-Processing of User Input
Before starting to solve the optimization problem, we perform pre-
processing to the user-specified haptic potential field H target, as in
line 1 in Algorithm 1. This is because the user input may include
undesirable small noises due to mouse manipulation accuracy. Thus,
we first apply the Savitzky–Golay filter4 to H target.

7.5 Incremental Insertion of Magnets and
Termination Condition

At the beginning of the inverse design procedure, both the movable
and fixed containers do not contain any magnets. After the pre-
processing, we insert the first magnet (i.e., M1) to the movable
container (line 2 in Algorithm 1). Then, we begin to perform the
outer-loop procedure. In each iteration, we insert a newmagnet (i.e.,
Mi if it is the i-th magnet in the scene) to the fixed container (line 5
in Algorithm 1) and then perform the inner-loop procedure (line 6
in Algorithm 1) to adjust the arrangement of the so-far inserted
magnets. We stop the outer-loop procedure when a termination
condition is met (line 7 in Algorithm 1). For this condition, we
simply set a threshold for the acceptable distance, dthreshold, and
check whether the current distance between the simulated haptic
potential field and the user-specified one is smaller than dthreshold,
or not. If it is true, then the outer-loop part terminates and returns
the solution obtained so far to the user (line 9 in Algorithm 1). Our
implementation adaptively sets dthreshold based on H target; more
specifically, the 5% of the value, maxt H target(t) −mint H target(t).

7.6 Estimation of Good Initial Solution
It is crucial to have a good initial solution in our problem setting
since our problem is a global optimization with many useless local
minima. To obtain a good initial arrangement of the first magnet,
M1, we perform the following procedure.

• Discretize the volumes of the movable and fixed containers
using uniform grids.

• For each grid cell in the movable container, calculate the line
integral of the distance to the closest grid cell in the fixed
container along the trajectory.

• Choose the grid cell in the movable container that has the
smallest value and call it Gmovable.

4https://docs.scipy.org/doc/scipy/reference/generated/scipy.signal.savgol_filter.html

https://docs.scipy.org/doc/scipy/reference/generated/scipy.signal.savgol_filter.html
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• Use the center of Gmovable as the initial position.
• Use “N-up” (i.e., the N pole faces up) as the initial orientation.

To obtain a good initial arrangement of the i-th magnet,Mi (i ≥ 2),
we perform the following procedure.

• Find the parameter t that produces the maximum residual
(i.e., the parameter t in which the difference between the
target and current simulated haptic potential values become
the largest) and call it t ′.

• Move the movable container to t = t ′.
• Choose the grid cell that is closest toGmovable from the fixed
container.

• Use the center of the chosen grid cell as the initial position.
• Use either “N-up” or “S-up” (determined based on the sign
of the residual) as the initial orientation.

7.7 Penalty Method
The penalty method [17] is one of the methods that solve a con-
strained optimization problem by decomposing it into a series of
unconstrained optimization subproblems. It iteratively refines the
solution by using the solution in the previous subproblem as the
initial solution in the next subproblem. It adds penalty terms to the
original objective, each of which represents how much the corre-
sponding constraint is violated. That is, the value of the penalty
term is zero if the constraint is satisfied, and the value becomes
larger as the constraint gets violated. It increases the weight for
the penalty term each time (line 6 in Algorithm 2), so that the final
solution (mostly) satisfies the constraints. The j-th subproblem to
solve Equation 19 is described as

x∗ = arg min
x∈X

[
1
h
d(H (x),H target)

+ σj
{
д(ccontainer(x)) +wд(ccollision(x))

}]
, (20)

where д(x) = max(0,x)2, h = maxt H target(t) − mint H target(t),
σj ∈ R>0 is the penalty weight at the j-th iteration of the penalty
method, andw is a constant parameter for balancing the constraints
(empirically set to 1.0 × 10−3). Note that normalizing the distance
by 1

h here is only optional but this can make the setting of the
penalty weights less dependent on the user input H target. Our im-
plementation solves this subproblem twice (i.e., npenalty = 2 in
Algorithm 2) using σ1 = 5.0 × 104 and σ2 = 2.0 × 105 by default.

7.8 Magnet-by-Magnet Optimization
Each magnet has the degrees of freedom of a rigid body trans-
formation, SE(3). For this, we use the Cartesian coordinates rep-
resentation (which is three-dimensional) to indicate the transla-
tional component and the rotation vector representation5 (which
is three-dimensional) to indicate the rotational component. Thus,
the degrees of freedom of the k-th magnet, xk , is a 6-dimensional
vector in our implementation. Note that the reason for using the
rotation vector representation as optimization variables is that this
representation is smooth and unbounded, is free from gimbal lock,

5https://docs.scipy.org/doc/scipy/reference/generated/scipy.spatial.transform.
Rotation.html

and does not require normalization or orthogonalization (unlike
the Euler angles, quaternion, and matrix representations).

As described in Approximation 2 in Section 7.1, we solve
Equation 20 for each magnet sequentially, not simultaneously. By
this technique, we avoid directly solving the 6i-dimensional opti-
mization problem, where i is the number of magnets, and instead
solve 6-dimensional optimization subproblems (see lines 3–5 in
Algorithm 2). Now that each optimization problem is sufficiently
tractable, we apply the Nelder–Mead method6 available in SciPy
[33], which is a popular choice for non-linear, non-differentiable,
and reasonably local and low-dimensional optimization problems.
Note that the reason for solving the 6-dimensional optimization
problem for the new magnet first (line 2) is that the new magnet
is likely to be in a relatively unreasonable configuration compared
to other magnets, and thus it is effective to adjust its arrangement
first.

8 TECHNICAL EVALUATION
Figure 3 shows the results of our inverse design procedure with
various inputs, including haptic curves with linear slopes or mul-
tiple peaks, and trajectories with a straight or curved path. Even
for these challenging inputs, our solver could successfully find rea-
sonable and non-trivial magnet arrangements that well reproduce
the target haptic curves. Refer to the video figure as well, which
provides detailed visualizations of how our optimization procedure
searched for the magnet arrangements for these cases. These results
successfully validate that our proposed computational approach to
magnetic force feedback design can be achieved by our proposed
techniques.

We also conducted additional experiments to further validate
the effectiveness of each technique. Our implementation runs on
a MacBook Pro (Processor 2.6 GHz Quad-Core Intel Core i7 and
Memory 16 GB). It is written with Python for optimization and
C++ for magnetic simulation. The simulation part is accelerated by
using OpenCL and runs on GPU (AMD Radeon Pro 450).

Effectiveness of Initial Solution Estimation. Our optimization solver
has a heuristic initial solution estimation (Section 7.6) in its proce-
dure. To validate the effectiveness of this estimation, we performed
a custom optimization procedure that is identical to the proposed
one except that it randomly initializes the newly added magnet’s
position. For this, we used the same input as Dial (1) in Figure 3.
Figure 7 shows the result, in which the solver clearly failed to find
a reasonable solution, and the reproduced haptic curve was quite
different from the target one. This implies that our target optimiza-
tion problem has many useless local minima, and our technique of
initial solution estimation could reasonably resolve this issue.

Effectiveness of Magnet-by-Magnet Optimization. As discussed
in Section 7.8, we avoid directly solving a 6n-dimensional problem,
where n is the number of magnets, but we solve 6-dimensional
subproblems iteratively. To validate the effectiveness of this tech-
nique, we compared our optimization procedure with a custom
one in which the sequential 6-dimensional subproblems were re-
placed with a single 6n-dimensional problem. For this, we used
the same input as the second example in Figure 3. As a result, we

6https://docs.scipy.org/doc/scipy/reference/optimize.minimize-neldermead.html
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Figure 7: Result of using random initialization instead of us-
ing our initialization technique. It failed to find a reasonable
solution.

observed that both the procedures could find reasonable solutions
(more specifically, the magnet arrangements were different, but
the reproduced haptic curves were mostly identical). However, the
procedure that solved 6n-dimensional problems took 35 minutes
and 57 seconds to achieve convergence, while ours took only 3
minutes and 57 seconds.

Necessity of Penalty Method. We formulated the inverse design
problem as a constrained optimization problem, and our solver
handles the constraints by the penalty method (Section 7.7). To con-
firm the necessity of this technique, we performed an optimization
procedure without adding the penalty of the constraints. For this,
we used the same input as Dial (1) in Figure 3. Although the target
haptic curve is well reproduced, two of the three magnets protrude
from the containers.

9 DISCUSSION
Physical and Perceptual Validation. We did not perform measure-

ment of magnetic forces (e.g., using a force gauge) for validation of
magnetic simulation. This is because Yuang et al. [37] already per-
formed a comparison test with analytical calculation and validated
the simulation accuracy, and Thomaszewski et al. [30] also com-
pared this approach [37] with the analytical approach [1]. As for
the perception, Ogata [18] already validated the perceptual aspect
of haptic potential field.

Physically Invalid Inputs. It is possible that the user-specified
haptic potential field is physically invalid (i.e., not achievable by
any magnet arrangements), such as the one with spikes or high-
frequency waves. In such cases, the inverse design process cannot
converge to a satisfactory solution that well reproduces the target.
When this occurs, it is possible to warn the user that the target
haptics could not be achieved well and needs to be fixed.

Non Quasi-Static Settings. Our method assumes a quasi-static
setting as discussed in Section 5.1. This assumption is not valid
when, for example, the user manipulates the movable container
back and forth very quickly. In this case, the kinetic energy needs to
be considered in addition to the potential energies. It is an important
future work to model both the potential and kinetic energies as a
unified haptic model.

Frictions. The haptic potential field can be understood as the
work done by the finger in a frictionless environment (Section 5.8).
This implies a limitation: our current formulation ignores the effect
of frictions. We observed that the frictional force in our applications
(Section 3.2) was not large compared to themagnetic force, and it did

not qualitatively change the characteristics of the perceived haptic
curves. Thus, this limitation is not critical, at least in our cases.
Nonetheless, allowing users to design haptics in a friction-aware
manner would be an important future work, making the design
space broader. In terms of techniques, our theory (Section 5) is
already capable of quantifying the contribution of friction to haptic
feedback in a unified framework, and this goal can be achieved by
integrating the work done against the frictional force (Equation 13)
into the objective of the inverse design. Note that the frictional
force could be simulated by putting additional assumptions on the
friction model (e.g., Coulomb’s friction law), the direction of the
force applied by the fingers, and so on. Another challenge regarding
this future work is the user specification; the input haptic curve
may be less intuitive for users since it is no longer understood as a
field (in a physics sense) with friction.

Gravity. Our current implementation focuses on the magnetic
potential as the source of force feedback. However, the definition
of the haptic potential field (Equation 8) allows us to design haptics
by taking gravitational potential into consideration as well. If we
handle trajectories that involve vertical movements, extending the
implementation using the gravitational effect would be useful to
model the perceived haptics more accurately.

Optimization Solver Accuracy. We demonstrated that our opti-
mization solver could produce useful and non-trivial magnet ar-
rangements for various inputs. Yet, since it relies on approximation
techniques, it is possible that there exists a better solution than the
one found by the solver. For example, our solver cannot guarantee
that the number of used magnets is minimal.

Electromagnet. We focused on the use of permanent magnets
(not electromagnets) since they need no power supply or electric
wiring and thus are suitable for embedded haptics in everyday ob-
jects. Nonetheless, it is an interesting future work to investigate
the use of electromagnets to render haptic potential fields. As elec-
tromagnets can be programmable, this would broaden the design
space of interactions. Note that our discussions on haptic potential
field (Section 5) is directly useful even in this advanced scenario.

10 CONCLUSION
We demonstrated that our approach could produce non-trivial de-
signs to achieve desired magnetic force feedback, offering a new
way to augment physical components for effective tangible interac-
tion. As the magnetic force is an essential part of the source of any
mechanical power, the combination with a computational approach
with inverse design has various potentials. We envision a future
world where we design our living environment with the power of
computational design and physical simulation. With the current
development of digital fabrication technology, we believe the com-
bination of computational design and haptic design backed up by
physics will open up new methodologies for interaction.
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